COMPLETELY MONOTONE SEQUENCES
AS INVARIANT MEASURES(")

BY
RICHARD SCOVILLE

Introduction. A completely monotone sequence a = (ay,a;,a,, ) of real
numbers is a sequence which satisfies the conditions

¢)) (ANa),=z0 (n=0,1,2,---; k=0,1,2,--)
where the operator A, acting on any sequence a, is the sequence Aa defined by
(Aa)k=ak—ak+l (k=0’1’23"')'

During the first part of the paper we will suppose that the completely monotone
sequence a also satisfies

2 a,=1.

Using the sequence a, we will construct a probability space (X, %, p) and a
measure-preserving transformation T on it. This transformation will not, in gen-
eral, be ergodic. We then make use of the Kryloff-Bogoliouboff decomposition [4]
(as extended by Oxtoby [5]) of a measure into its ergodic parts. Writing p as an
integral of measures for which T is ergodic, and observing the effect of this de-
composition on the sequence a, we obtain the classical reduction of a to the form

28

n

1
ak=ftde(t) (k=0,1,2,--).
0

An inversion formula, similar to Feller’s [2], giving F in terms of a can also be
obtained in this way. In the last part of the paper we investigate the transformation
T itself, and leave several interesting questions unanswered.

This paper is the major part of the author’s dissertation prepared at Yale
University under the direction of S. Kakutani, whom I wish to thank for his
advice, encouragement and great skill.

(X,42, ) and the transformation 7. Let us assume, then, that a sequence a
satisfying (1) and (2) has been given and proceed with the construction of (X, %, p).
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Let I, be the one-point compactification of the non-negative integers, with co the
added point. We form the compact space

[ee]
X”=H Xi (Xi=Iooai=1,293,"')
i=1

and consider the closed subset X’ of X” consisting of all sequences in X” which
are increasing (not necessarily strictly increasing), thinking of co as being greater
than every integer.

By a rectangle (r,,r,,r3,---,7,) where 0<r, <r,<-- =1, is meant all
sequences in X' beginning with ry,r,,r5,---,r,1.e.,all sequences w in X’ for which
w;=r,(i=1,2,3,:--,k). The measure of a rectangle R = (r,r,,--, 1) is defined
as follows:

AR — {(A"'la),k it r# o0,
3)

0 if 7= oo.

Let o/ be the(finitely additive) algebra consisting of all sets of X’ which depend
on only a finite number of coordinates, i.e., & = UM,, where &/, consists of sets
which can be written as the union of rectangles of length n. The measure of any
set in &/ may now be defined by writing the set as a union of disjoint rectangles.
This measure can be extended to a countably additive measure (again called u)
defined on %, the smallest o-field containing /. Since u is a regular measure on &/,
this can be accomplished, for instance, by means of a theorem of Alexandroff
[2, p. 138].

We let X be the subset of X’ consisting of those sequences in which co does not
appear. The complement of X in X' may be written

0 2]
x=U U  Gyizeyin ).
n=1 i1Siz<...Sin
This set clearly has measure zero, no matter what the sequence @ may be, so we
see that X has measure one. From now on when we speak of rectangles we mean
rectangles restricted to the space X.
The transformation T'is defined at a point w = (0, w,,w;,---) of X as follows:

4)

n—1

(0,0,“.,0, Cl)n+1, wn+l"")ifwl=wn<wn+1,
Tw =
(0,0,0,---) if D=0 =W3=""".

Suppose R = (ry,r,,-,1,) is a rectangle in X. If r; # 0, the image of R under
T~ 'is again a rectangle: (r; — 1, 75, --,r,). IfO=r = r, = =r, but r,; #0
where k < n, the inverse image of R is the rectangle

(nss =Ly = 1,14y =1, Feizees 1)

k+1
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If, finally, 0 =r, = r, = --- = r,, the inverse image of R s, except for the constant
sequences, the disjoint union

n+p

o0 w j-1
pL=J1 jL=Jl iL-—-Jo (5,4, +,1,]).

Hence in any case the inverse image under T of any rectangle R is essentially
a union of rectangles and so in particular is measurable. It is possible to calculate
the measure of T~ 'R directly frcm formula (3) to show that T is measure-
preserving, but the following ‘‘geometric’’ description of T is more enlightening
but not essential to the development of the paper. This idea has been used before,
for instance in [1].

We construct a sequence of line segments, By, B, B,, -+, one above the other
as in Figure la so that the segment B, has length a,. Let us call the object so
obtained a building and also regard it as a measure space by giving to each linear
Borel set in the building its ordinary (linear) Lebesgue measure. Now if there
were a measure-preserving transformation, say S, defined on B, we could construct
a measure-preserving transformation T on the building B by sending any point
to the point directly above on the next floor, if possible, otherwise by descending
straight down to B, and moving by S. Then S is simply the transformation
induced by Ton B,, of which we will speak later. What remains then is to define
the transformation S on B,.

We can partially define S on B, by writing B, itself as a building as in Figure
1b so that the segment B, has length a,— a,,,. S is now partially defined on B,
simply by rising one floor, if possible. To continue its definition, we must write B,
as a building in a way similar to the way we wrote B, as a building. Eventually
then, S and hence T will be completely defined except perhaps on a set of
measure zero. That we continue to get a building at each stage is due to the
requirement (1) on the sequence a. The floors of the nth stage building will have
lengths (A" 'a),, (A" a),,---.

B: B,:
— B, B;
— B, — Bj
—— Bo B,
B, B} B, B; Bi

Figure la Figure 1b
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The transformation T defined on X is said to be conjugate to the transformation
S on Y if there is a 1-1 measure-preserving map ¢ from (almost all of) X onto
(almost all of) Y such that ¢! is measurable and T=¢~' 0 S o ¢. We can now
show the relation between the two measure-preserving transformations defined
so far.

LeEMMA. The transformation T defined on B is conjugate to the transformation
T defined on X by (4).

Proof. We can give coordinates to a point w in B. Let w, be the integer
satisfying w € B,,,. Drop o to the first floor of B and call this point »’. Let w, be
the integer satisfying o’ € B,,. Drop o’ to the first floor of B, and call this point
w". Let w, satisfy w” € By, ,, etc. This correspondence w — (wy, ®,,-+) from B to
X is easily seen to establish the conjugacy of Ton B and Ton X.

The measures p for which 7 is ergodic. Since we will have to speak of several
completely monotone sequences and their corresponding measures, we now write
u, for the measure defined on X by means of the sequence a, and T, for the
corresponding transformation previously called simply T. Of course all the
transformations T, are identical, but we may wish to distinguish a particular
measure p, which T preserves. In this case, we write T,. For instance we could
ask are T, and T, conjugate?

If a and b are completely monotone sequences which also satisfy (2), clearly
any convex combination aa + Bb is another. In fact, because of the linearity of A,

(5) au, + ﬁﬂb = HUqa +pb

Also, given a completely monotone sequence a # (1,0,0,0,---), we can form two
others, namely ga and 7a defined by

(6) (aa)n = an+1/(1 —ao),
(ta)n = (an—an+1)/a0 (n=0a1’2,"')'

These sequences also satisfy (2) if a does.

Let T,,I C be the transformation induced by T, on the subset C of X of all
sequences in X having first coordinate zero, and let T, [ C be the induced trans-
formationon € = X — C. Hence for instance T, ] Cisdefined at a point w of C by
T,| C(w) = T*w where k is the first positive integer for which T"(w) e C. T, | C is
a measure- preserving transformation on C. We call the measure p defined on
subsets E of C by p(E) = p,(E)/u,(C) the induced measure on C.

LEMMA. Suppose a #(1,0,0,---). Then the transformation T,,IC on C
with its induced measure, is conjugate to the transformation T,, on X. Also,
T,| € on C with its induced measure is conjugate to T,,.
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Proof. A glance at the buildings is probably enough to convince the reader of
this fact, but we will construct mappings ¢: C — X and y: € — X which give the
conjugacy explicitly. Let ¢(w) = (w,, @3, ),w e Cand Y(w) = (0, —1,0,—1,-+-),
we C. Suppose R= (ry,r,,-,1,) is a rectangle in X. We must show that

1eo(R) = p(¢™ ' R) [ 1, (C)
and

Hoo(R) = (™' R) [ ().
Since ¢ '(R) = (0,r,,7,,+++,7,), from (3) and (6) we get
Auta(R) = (Ak-lra)rk = (1 /aO) (Aka)rk

= (1/#C))pl(¢ ™' R).
Similarly, y "'(R) = (r; + 1,7, +1,--,r, + 1) so that

HelR) = (A" Tga),, = (1/(1 = a))(A*"a),, 4 1= (1] O))1Y ™' (R)).

These equations show that ¢ and ¢ are indeed measure-preserving isomorphisms
between C with its induced measure and X, and between € with its induced
measure and X, resp. If w =(0,w,,w;,--+) is any point in C, we see that
do T,,I C(w)=T(w,;,w3,---)=To ¢(w) = T,, 0 $(w) and in the same way, we
can show that Yo T,| C=T,, 0y, proving the lemma.

LeMMA. If T, is ergodic, then a is of the form
) a,=01-6) (n=0,1,2,.)
for some 6,0 <0< 1. (We set 0°=1).

Proof. Suppose T, is ergodic. If a = (1,0,0,---) then certainly a has the form
required in the lemma. We exclude this case from what follows. Hence the induced
transformations T, | C and T, | C are defined, and they also are ergodic, since any
transformation induced by an ergodic transformation is itself ergodic. Now by
the previous lemma these induced transformations are conjugate to T,, and T,
respectively so that T,, and T, are ergodic. Or what comes to the same thing T
is ergodic with respect to the three measures pu,,u, and p,,. But by (5)
U, = (1= ag)pys + agtt,,- This implies, as is well known, that u, = u., = y,,. In
particular, a,=a,+,/(1 — ay), so that a,=(1 — ay)'ay (n=0,1,2,---). Setting
0 =1 — a,, we get the lemma. The measure y,, where a is given by (7), will some-
times be written u,.

We conclude this section with one more lemma.

LEMMA. If pisa probability measurc on X for which Tis measure-preserving,
then p is of the form p, for some a satisfying (1) and (2).
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Proof. We must set a, = u(n), where (n) is the rectangle consisting of all
sequences in X beginning with n. Given any rectangle (ry,r,,-+,r), we may
write it as the image, under an appropriate power of T~ of the rectangle

(rk’rlu"',rk)'
b_——.V—-I

k
Hence
W(rysras-eesry) = Il("k,"k,"','})-
k
Now by induction on n we can prove that
(8) (A"a)k':ﬂ(k’k’""k) (k=091,2,"')‘
\.——'-—*l

n+1
For n = 0, this is just the definition of a,. Suppose (8) is true for n = m — 1. Then
(A"a), = (Am_la)k — (A" la) 44
= u(k,k, k) —pk + 1,k + 1,k +1)

m m
[e o]
= X ukk,---,k,i)—uk+1L,k+1,--,k+1)
i=k — - M d
m m
e o]
= X ukk,k,i)—puk+1,k+1,-- k+1)+ (k,k,-, k)
i=k+1 T h M g S
m m m+1
o0
= X wk+Lk+1,-k+1L,)—uk+1L,k+1,---,k+1)
i=k+1 P g — e g

+ ”(k5k9"°9k) = “(ka k’ak)
e - —

—

m+1 m+1

This proves (8) for all n and hence proves the lemma.

The decomposition of p. Let us first discuss the continuity properties of the
transformation T.

LeMMA. The transformation T on the set X is continuous. Moreover, T
restricted to the subset U of X consisting of unbounded points
U= {weX:limw,= o}
n
is one-to-one and onto.

Proof. Thesecond statement of the lemma is clear. To prove the first, suppose p
is a point in X and that p" is a sequence of points in X converging to p. If p is
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not a constant sequence, Tp is determined by a finite number k of coordinates of p,
say py,---,px But for large n the first k coordinates of p" must also be
P15 Py, and hence T(p") converges to Tp. On the other hand, if p is a constant
sequence, the first / coordinates of p" are eventually all the same so that T(p")
converges to (0,0, ---) which is of course Tp.

Thus we can say that the system (T, U) is a Borel system. As Oxtoby has shown,
the essential features of the Kryloff-Bogoliouboff decomposition remain valid in
such a system. Let us emphasize the fact that the results of the Kryloff-Bogoliou-
boff paper do not apply to our situation directly, although perhaps through a
modification of the space X (or of its topology) they could be made applicable.

The result that we make use of is this: to almost every point w of X (i.e., to
every point in a set which has measure one under any invariant measure) we can
assign an ergodic measure yu, in such a way that, for any bounded Borel-
measurable function f on X, the function

©) [ s

is measurable and, moreover, for any invariant measure p, on X, we have

(10) 1(R) = f s R)d ()

for any rectangle R in X.

Since u,, is ergodic, we have seen (7) that u, = u, for some 6 between 0 and 1.
Let this number be 6(w). If, in equation (9), we put for f the characteristic function
of the rectangle (0), we see that

o =1 - [ fau,

is a measurable function on X. If we let R be the rectangle (n), equation (10) yields

(1 0= [ oM@ = [ 800t - 600
Let G,(x) be the distribution function for 6(w) with respect to the measure p,, i.e.,

G,(x) = po{0(w) < x}
so that (11) becomes

1
a, = jt"(l—t)dGa(t) (n=0,1,2,-).

0

Setting F,(x) = [§ (1—1)dG,(r) we get the usual form of the representation:

1
a,,=j t"dF,(t) (n=0,1,2,---).
(]
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We are now in a position to prove the following theorem.

THEOREM. If b=(by,by,b,, ) isany completely monotone sequence, there is
an increasing function Fy(x) defined on the unit interval such that

1
(12) b, = J' t"dF,(t) (n=0,1,2,---).
0

Proof. Let b, = lim b,. The sequence a defined by a, = (b, — b,+)/(bo — b,)
(n=0,1,2,---) is of course completely monotone, but also satisfies (2) (unless
by = b, = -+ = b,, but this case can easily be handled separately). Hence, from
the remarks above, we have a,= [(f"dF,(f) (n=0,1,2,---). Let Fy(x)
= (by — by)L(x) + b,6(x) where L(x)= [§(1/(1 —£))dF,(t) and &(x)=1
if x =1 and zero otherwise. Then

1

1 1
f FUFY() = (b — by) f (") (L= 0)dFL(t) + b, f d (1)
0 1)

0

1 n—1 1
Go=b2) ([, ara-0)r0 - = [ targo) +5,

1 n—1
b+ ba=b0) ([ 010 =0MF0 = E (b= burdlBo—b2)

I

1
by + b, — by + (bo — by) fo (1/(1 = £))dF (1)

I

1
by + by = b+ (bo = by) [ 6,0
0
= b,.
Hence (12) holds and this proves the theorem.

An inversion formula. We will now try to express the function G, explicitly in
terms of the sequence a.

LeMMA. There is a subset V of X which has measure one under any T-
invariant probability measure and is such that if w is any point of V,

(13) lim (@, /n) = 8(w) /(1 - 6(w)).

Proof. We will represent the space X in yet another way as the space Y of all
sequences of non-negative integers. We map a point @ in X to the sequence
(0, w,, — 0,03 — @,,--) in Y. If y, is an ergodic measure on X, we find that
the corresponding measure v, on Yis given by

k
Vo(sl’sz, ""sk) = il:Il (1 - 0)08‘
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for any rectangle S = (s,,5,,**,5) in Y. Hence v, is a product measure in Y which
is invariant under the shift transformation (sy,5;,53,**)— (82,53,54,°>+). We
apply the ergodic theorem, for the shift transformation, to the function f defined
on Y by f(s,,5,,--) = s;. Then for almost every (v,) point (s;,5,,+:+) in Y we have

lim(s; + 5, + -+ +5,)/n = L S(s)dve(s)

— T il-0)0=0/1-06
i=0

or, in X,
lim (w,/n)=0/(1 —60) pya.e.

Clearly 6(w) = 6 on a set V, of ys-measure one. Hence the set ¥ on which the
two measurable functions 6(w) /(1 — 8(w)) and lim (w, / n) coincide is a set which
has measure one for any T-invariant measure. This proves the lemma.

THEOREM. If a is any completely monotone sequence satisfying (2), G, is
given by
[nx/(1~-x)] P —
(14) G(x) = lim X (" + 1)(A"a),
n i=0 n-1
at every point x at which G, is continuous.

Proof. First, from (13), we see that (w) = lim, w,/(n + ®,), so that
1[0() < x] £ lim p[w,/(n + w,) <x]

< p[b(w) < x].
We calculate the center member of this inequality:

[nx/(1-x)] [nx/(1 —x)] (n +i—1

ﬂa[wn = i] =
i=0 i=0

n+i—1
n—1

is the number of rectangles of length n endingin i. Now, passing to the limit, we get

J&a

n—-1
where

[nx/(1-x)] n+i—1
Gix-')é tEO ( n—1

)(A"a), <G ),

proving the theorem.
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The transformations 7,. We can obtain some information about the spectra
of the measure-preserving transformations Tj, although the results in this section

are incomplete and probably not the best possible. Let us begin with the following
theorem.

THEOREM. If a is an eigenvalue of the transformation T,, then

lim oB™

=1 pea.e.

where B(n) is the binomial coefficient

n+ o,
n .
Proof. Let f be the eigenfunction having eigenvalue a. For each w in X, let
" be the rectangle (w,,w,, -+, w,) of length n; let R(w,i,j) be the rectangle

(W, Wy, 0, 1,j) of length n + 2, and S (w, i,j) be the rectangle (w,, w5, **, Wy, 1,5)
of length n + 2. It is known that

lim (1/ go(0™) f Jln=1@) ae.
and hence

lim =1 a.e.

A1) [

Estimating the value of | [,.fdy, | , we find

[ ran

z fdﬂol =

Jjzize, NCRH))

T fduo|

jzizon JR(0,i,j)

o

z fdu| s Z 041 -0y G|

n i=w, R(w,i,Jj) J=on

I\

o)
z
j=o

where G,(j) is a sum of powers of «, the powers being those powers of T which
send the rectangle R(w,w,,j) into the rectangle R(w,i,j) (i = 0,0, + 1,:,j).
Let S(n,r) be the number of rectangles of length n which end in r. Let
P(n,s) = S(n,0) + S(n,1) + --- + S(n,s). Note that the number B(n), appearing
in the statement of the theorem, is P(n,w,).
We leave to the reader the laborious task of showing that

(15) I Gn(])l = I 1+ dP(n to,.)+ [EPNS aP(n op)+ +P("J—”l.

Notice that this implies | G,(j)| < j— o, + 1. Now we have

|t/ u") f Jau| @/em-0n T 0-07 G| S

=0,
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Both sides of this inequality approach 1 as n approaches infinity, so, for the
middle,

0
lim(1-6> X 6/ |Gw, +j)|=1 ae.
n i=0

But this can happen only if | G (w, + j)| approaches j + 1 almost everywhere.
Referring to (15), we see that «®™ approaches 1, almost everywhere. This is
what we wished to prove.

THEOREM. If 0 < 1/2, the transformation Ty has no prime roots of unity as
eigenvalues.

Proof. Suppose o is a pth root of unity and is an eigenvalue. It is easy to see
that the binomial coefficients

k .
(” “) (k=1,2,3i = 0,1,--,p* = 1)

pk

are all equal to 1 (mod p). From the previous theorem we have
(7 +@,%)
(16) lima 7 =1 a.e.
k

On the other hand, from (13), we have
limwu/pF=0/(1-0)<1 ae.
k

since 8 < 1/2. That is, eventually o« < p*, so that eventually

(p" + O

" ) =1 (mod p).

an p

Hence (16) and (17) together form the contradiction which proves the theorem.
We obtain the immediate
CoROLLARY. If 0 <1/2, all powers of T, are ergodic.

It is interesting to notice that the infinite product:
(1+ei-1) (2+22-1) (ktor-1)
f@)=a 1 o 2 e K
if it converges, is an eigenfunction with eigenvalue a. We have seen already that
if o is an eigenvalue, than
(n +m,.)
(18) limo "7 =1 ae.
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Integration of (18) over X yields

. n - n+j—1 (":j)
ll:'n(l—-O) jEO 0’( ne1 )a =1.

Also left open is the question of the conjugacy of T, and T, %, and the question
mentioned earlier, of the conjugacy of Tj and Ty, 0 # ¢.
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